GEOMETRIC SOBOLEV-LIKE EMBEDDING USING 
HIGH-DIMENSIONAL MENGER-LIKE CURVATURE 



SLAWOMIR KOLASINSKI 

Abstract. We study a modified version of Lerman-Whitehouse Menger-like curvature de- 
fined for (m + 2) points in an n-dimensional Euclidean space. For 1 < I < m + 2 and 
an m- dimensional set E C R n we also introduce global versions of this discrete curvature, by 
taking supremum with respect to (m + 2 — I) points on E. We then define geometric curvature 
energies by integrating one of the global Menger-like curvatures, raised to a certain power p, 
over all Z-tuples of points on E. Next, we prove that if E is compact and m-Ahlfors regular 
and if p is greater than the dimension of the set of all i-tuples of points on E (i.e. p > ml), 
then the P. Jones' /3-numbers of E must decay as r T with r — > for some r G (0, 1). If E 
is an immersed C 1 manifold or a bilipschitz image of such set then it follows that it is 
Reifenberg flat with vanishing constant, hence (by a theorem of David, Kenig and Toro) 
an embedded C ' T manifold. We also define a wide class of other sets for which this assertion 
is true. After that, we bootstrap the exponent r to the optimal one a = 1 — ml/p showing 
an analogue of the Morrey-Sobolev embedding theorem W 2 ' p C C 1 '". Moreover, we obtain 
a qualitative control over the local graph representations of E only in terms of the energy. 



Introduction 

Menger curvature is denned for three points xq, x±, X2 in W 1 as follows 

4^ 2 (A(x ,xi,rE 2 )) 

c{x ,x 1 ,x 2 ) = | n n 1 , 

\Xq - Xi\\Xl - X2\\X2 - X \ 

where 7~L l denotes the ^-dimensional Hausdorff measure and A(xo, • • • , xi) is the convex hull of 
the set {xq, . . . , xi}. Using the sine theorem one easily sees that c(xq, x\,X2) is just the inverse 
of the radius of the circumcircle of A(xo, x±, x 2 ). Let 7 C R 3 be a closed, Lipschitz curve with 
arc-length parameterization T, i.e. r : Sl — > R 3 is such that 7 = r(Sx) and |r'| = 1 a.e. - 
here Sl = M/LZ denotes the circle of length L. We set 

c [7] = sup c(xo,xi,x 2 ) , ci[7](x )= sup c(x ,xi,x 2 ), 

c 2 [7](x ,xi) = sup c(x ,x 1 ,x 2 ) and c 3 [7](x , x 1 , x 2 ) = c(x , x±, x 2 ) ■ 
Using these quantities we define 

A[ 7 ] = coM" 1 and for i = 1, 2, 3 M^) = f c?[ 7 ] dW , 

J( 7 y 

where (7)* is the Cartesian product of i copies of 7. Gonzalez and Maddocks [7] suggested 
that these functionals can serve as knot energies, i.e. energies which separate knot types by 
infinite energy barriers. Gonzalez, Maddocks, Schuricht and von der Mosel [6] showed that 
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whenever Co [7] < 00 then 7 is an embedded (without self-intersections) manifold of class 
C 1 ' 1 = W 2 '°°. The functional Ml, M 2 and Mp poses a similar property. For i = 1,2,3 
if Mp(^f) < 00 for some p > i then 7 is an embedded manifold of class C 1,1 ~ l//p (see the articles 
by Strzelecki, Szumahska and von der Mosel |22[I23| and by Strzelecki and von der Mosel |24] ) . 
Furthermore, in |24) the authors proved that Mp{^i) is finite if and only if 7 is an image of 
a W 2,p function. Later Blatt [2] showed that for i = 2, 3 and p > i the energy Mp{^) < 00 
if and only if 7 belongs to the Sobolev-Slobodeckij space W 1+S,p , where s = 1 — Note 

that, W 1+S ' P (M) C C 1 ' 1 ~ l ^ p (M) whenever p > i, so these results deliver geometric counterparts 
of the Sobolev-Morrey embedding. 

For p below the critical level (i.e. p < i) one cannot expect that finiteness of Mp{^) implies 
smoothness. Scholtes |20] showed that if 7 is a polygon in R 2 then .Mi (7) < 00 if and only if 
p < i. For a 1-dimensional Borel set £CI 2 a famous result of David and Leger |15| says that 
M\{E) is finite if and only if E is rectifiable. This was a crucial step in the proof of Vitushkin's 
conjecture characterizing removable sets E for bounded analytic functions. 

There are some generalizations of these results to higher dimensions. Lerman and White- 
house |16[I17] suggested a few possible definitions of discrete curvatures of Menger-type. They 
used these curvatures to characterize uniformly rectifiable measures in the sense of David 
and Semmes [J]. In this article we use a modified version (having different scaling) of one 
of the quantities introduced in |16| . 

Our research has been motivated directly by the work of Strzelecki and von der Mosel [25], 
where the authors work with 2-dimensional surfaces in R 3 . They define the discrete curvature 
of four points xq, x±, X2, x 3 £ R 3 by the formula 

r / s H 3 (A(x ,x 1 ,x 2 ,x 3 )) 

I^SvdM{X0,Xi,X2,X 3 ) - 



V?{d A(xo,xi,X2,x 3 )) diam(x ,xi,X2,x 3 ) 2 ' 
For S C R 3 a compact, closed, connected, Lipschitz surface they also define 

M SvdM^ )= I I I f )C SvdM (xo,x 1 ,x 2 ,x 3 ) p d%l dU 2 Xl d%l 2 dU 2 X3 . 

In |25| the authors prove that if M S p VdM (£) < E < 00 for some p > 8 = dim(S 4 ), then 
E has to be an embedded manifold of class C 1 ' 1 " 8 ^ with local graph representations whose 
domain size is controlled solely in terms if E and p. This additional control of the graph 
representations allowed them to prove \25\ Theorem 1.5] that any sequence (Tij)j^ of com- 
pact, closed, connected, Lipschitz surfaces containing the origin and with uniformly bounded 
measure and energy, i.e. A4p VdM (T>j) < E and % 2 (£j) < A for each j £ N, contains a sub- 
sequence Ejp which converges in C 1 topology to some C 1 ' 1-8 ^ compact, closed, connected 
manifold. This in turn allowed them to solve some variational problems with topological 
constraints (see |25} Theorems 1.6 and 1.7]). 

Similar regularity results were also obtained by Strzelecki and von der Mosel |26| for yet 
another energy 

2 



£ tp (^)= R tp (x,y)- p dU™ dU™ , where R tp (x,y) 



\x - y\ 



s Ipv '" x '"y ipy ,y> 2dist(y-x,r x S) 

and T x Ti is the tangent space to S at x. The quantity Rt p (x,y) is called the tangent-point 
radius, because it measures the radius of the sphere tangent to S at x and passing through y. 
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If £ is a closed, connected, Lipschitz surface with £p P (£) < oo for some p > 2m, then 
£ G (7l,l-(2m)/p_ 

In this paper we define energy functionals for m-dimensional subsets E of R™ (we always 
assume m < n) and we study regularity of sets with finite energy For m+2 points xq, . . . , x m +i 
in W 1 we set (cf. pH §6.1.1]) 

w x = ?T t+1 (A(xo,...,x m+1 )) 

' " ' ' m+1 diam(x , . . . , x m+ i) m+2 
and for p > and I = 1, 2, . . . , m + 2 we define^ 

£p(£) = / sup /C(x , . . • , x m+ i) p ef^ 
x ; ,...x m+ i6i; 

We prove that these functionals can be called geometric curvature energies, i.e. for sets £ 
of relatively little smoothness, finiteness of the energy guarantees both embeddedness and 
higher regularity. 

Of course, the condition £ p (E) < oo cannot guarantee that E is a manifold (even for large p) 
just for any m-dimensional set E. The main issue is that £ l p (Z \ A) < fOT 

any set A, 

so creating holes in E decreases the energy. Hence, we need to work with a restricted class 
of sets. We say that E is locally lower Ahlfors regular if 

(Ahl) 3R Ahl > 3A Ah l > Vx £ £ Vr < R Ahi H m (E n B(x, r)) > A Ahl r m . 

Here B(x, r) denotes the n-dimensional open ball of radius r centered at x. We also need 
a variant of the P. Jones' beta numbers introduced in |10| and the bilateral beta numbers, 
which originated from Reifenberg's work |19| and his famous topological disc theorem (see |21| 
for a modern proof). We define 

/3^(x,r) = - inf sup dist(z,x + H) 

r HeG(n,rn) a6En i (a . jf .) 

and 0*(x,r) = - inf d H (Y, n B(x, r), (x + H) n M(x, r)) , 

r HeG(n,m) 

where du{E,F) = supdist(y,F) + sup dist(y, E) 

y£E y€F 

is the Hausdorff distance and G(n, m) denotes the Grassmannian of m-dimensional linear 
subspaces of W 1 . The /3-number measures the flatness of E in a given scale in a scaling 
invariant way. The (9-number measures additionally the size of holes in that scale. Using these 
notions we can formulate our first 

Proposition 1. Let £ C W 1 be a compact set satisfying (|Ahip and let I G {1, . . . ,m + 2}. 

If £p(E) < E < oo for some p > ml, then there exists a constant Ca = C^(m, l,p) such that 



Vr<i? Ahl VxeE /3^(x,r)<C A 



\« A 



A Ahl 



where k = (p + ml)(m + 1) anc? X = p — ml. 

Applying the result of David, Kenig and Toro j3j Proposition 9.1] (cf. Proposition ll.4p we 
then obtain 



^If I = m + 2 there are m + 2 integrals and no supremum. 
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Theorem 1. Let E C M. n be a compact set satisfying (|Ahl|) and such that 

(6 < (3) 3R e p > 3M ep > 1 Vi G S Vr < Rgp 9%(x, r) < M e ^(x, r) . 

If Sp(Ti) < oo for some p > ml, then E is a closed, embedded manifold of class C 1 '^* 1 . 

This motivates the following 
Definition 1. We say that a set E C ]R n is an m-fine set if it is m-dimensional, compact 



and satisfies (jAh.ll) and ( 9 < f3 ) 



Examples of m-fine sets include closed m-dimensional Lipschitz submanifolds of M. n and 
also images of maps ip : M — > W 1 , where M is an abstract, closed C 1 manifold and tp is 
an immersion. Other examples are described in Section [ 



The condition ( 9 < /3 ) is purely geometric but it is hard to understand what kind of behavior 
it implies. It gives control over the size of holes in E but it does not imply that the topological 
boundary of E is empty. In [261 Definition 2.9] (cf. Definition 13. 2p the authors considered 
a class of admissible sets satisfying a different set of conditions. Their idea was to use the 
topological linking number to prevent holes in E. Any admissible set in the sense of |26| with 



finite ^'-energy for some p > ml, satisfies the (9 < /3) condition (see |13[ Theorem 4.15] for 



the case I = m + 2), hence, by Theorem [IJ it is a closed C 1,A//ft -manifold. 

Once we have estimates on the /3-numbers (Proposition [1]), the regularity result (Theorem[T]) 
follows quite easily but the key point is that one can get a uniform (not depending on E) 
control over the local graph representations of E only in terms of the energy bound E and the 
parameters m, I and p. To show that this is true we first prove the following uniform, with 
respect to S, estimate on the local lower Ahlfors regularity of E. 

Theorem 2. Let E C W 1 be an m-fine set. If £i(E) < E < oo for some p > ml, then 
3R = R Q (E,m,l,p) > Vx G E Vr < R H m (E n B(x, r)) > u m r m , 

where u m = 'H m (M(0, 1) n R m ) is the measure of the unit ball in W 71 . 

Theorem Q] together with Theorem [2] give us estimates on the /3-numbers independent of E. 
Knowing that E is a compact, closed, C 1,A / K -submanifold of M. n , we prove that also the constant 



Mgp from the (9 < /3) condition can be replaced by an absolute constant. Then we obtain 
estimates on the oscillation of tangent planes of E solely in terms of E, m, I and p. This 
allows to prove that the size of a single patch of S representable as a graph of some function is 
controlled solely in terms of E, m, I and p. Next we bootstrap the exponent ^ to the optimal 
one a = 1 — ^ (see |14| and [T] for the proof that this is indeed optimal) . 



Theorem 3. Let E C R n be an m fine set. If £p(E) < E < oo for some p > ml, then 
E is a closed C 1 ' 01 -manifold. Moreover, there exist two constants R g = R g (E,m,l,p) > 
and C g = C g (E,m,l,p) > such that 

Vx G E 3F X G C 1,a (T x Il, (T^E)^) E n B(x, .Rg) = Graph(F x ) n B(x, R g ) 

and Vy, z G T X E \\DF x (y) - DF x (z)\\ < C g \y - z\ a , 
where Graph(F x ) = {z G R n : 3y G T X E z = y + F x {y)}. 
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This work already lead to a few other results. In our joint work with Szumahska |14] we have 
constructed an example of a function / £ C 1,a °([0, l] m ), where ao = 1 — m ^ , whose graph 
has infinite £™ +2 -energy and we proved that for any a\ > ao the graphs of C 1,ai functions 
always have finite energy. Later this result was complemented by our joint work with Blatt [TJ, 
where we have shown that a C 1 -submanifold of K n has finite ^'-energy for some p > m(l — 1) 
and / £ {2, . . . , m+2} if and only if it is locally a graph of a function in the Sobolev-Slobodeckij 
space W 1+S ' p , where s = 1 — ~ . In another article |12| written jointly with Strzelecki and 

von der Mosel, we have shown that an m-fine set £ C M n is a W 2,p -manifold if and only if it 
satisfies the condition < oo. The paper |12| includes Theorem [3] for the f^-energy and 

a counterpart of Theorem [3] for a modified version of the £p P -energy, where one integration 
was replaced by taking the supremum. In a forthcoming joint article with Strzelecki and von 
der Mosel we also prove a compactness result similar to |25} Theorem 1.5] for the £ l 
and £p P energies. 

Organization of the paper. In Section Q] we describe the notation, we state precisely the 
result of [3] about Reifenberg flat sets with vanishing constant and we prove some auxiliary 
propositions about roughly regular simplices and about the metric on the Grassmannian. 
In 11.41 we also show that C 2 -manifolds have finite £p-energy for any p > 0. In Section [2] we 
prove Proposition [Tj and Theorem [Tj and we give some examples of m-fine sets. In Section [3] 
we establish Theorem [2] For this we need to define another class of admissible sets and prove 
some more auxiliary results about cones and homotopies inside cones. In Section |4] we prove 
a counterpart of Theorem [3] where a is replaced with X/k. In Section [5] we bootstrap the 
exponent X/k to the optimal a = 1 — and consequently establish Theorem [3] 

1. Preliminaries 

1.1. Notation. We write § for the unit (n — l)-dimensional sphere centered at the origin 
and we write IB for the unit n- dimensional open ball centered at the origin. We also use the 
symbols S r = rS, B r = rl, §(x, r) = x + r§ and M(x, r) = x + rl. 

If v = (v\, . . . ,v n ) is a vector in R n , we write \v\ = \/S \ v i\ 2 = \/ (v, v) for the standard 
Euclidean norm of v. If A : M. k — > M. 1 is a linear operator, we write ||A|| = sup|„| =1 |A«| for 
the operator norm of A. 

The symbol G(n, m) denotes the Grassmann manifold of m-dimensional linear subspaces 
of R n . Whenever we write U £ G(n, m) we identify the point U of the space G(n, m) with 
the appropriate m-dimensional subspace of R n . In particular any vector u £ U is treated as 
an n-dimensional vector in the ambient space M n which happens to lie in U C M n . 

If A is any set, then we write id^ : A — > A for the identity mapping. Let H £ G(n,m). 
We use the symbol 7r# to denote the orthogonal projection onto H and ir^ = I — tth to denote 
the orthogonal projection onto the orthogonal complement H ± . We write affjxo, • • • , x m } for 
the smallest affine subspace of M n containing points Xq, . . . , x m £ M n , i.e. 

aS{x , x m } = x + span{xi - x , . . . , x m - x } . 

Let T = A(xo, • • • , Xk). We set 

• fqT = A (to, . . . ,Xi, . . . , Xk) - the i-th face of T, 

• f)i(T) = dist(xj, aff{xo, ...,£{,..., Xk} - the height lowered from Xi, 

• f)min(T) = min{f)j(T) : i = 0, 1, . . . , k} - the minimal height of T. 
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In the course of the proofs we will frequently use cones and "conical caps" of different sorts. 
We define 

• C(6,H) = {x£R n : \irjj(x)\ > 5\x\} - the cone with "axis" H 1 and "angle" S, 

• A(r, R) = Mr \ M r - the open shell (or the n-annulus) of radii r and R, 

• C(<5, H, r, R) = C(S, H)C\A(r, R) - the conical cap with "angle" 5, "axis" H 1 - and radii r 
and R as the intersection of a cone with a shell. 

Remark 1.1. We use the notation C = C(x,y,z) to denote that C depends solely on x, y 
and z. The symbols C, C, C, C are used to denote general constants, whose values may change 
in different parts of the text. Subscripts in constants (like "Cg") do not denote dependences but 
are used to name the constant and distinguish it from other constants. Subscripted constants 
always have global meaning and do not change. 

1.2. Reifenberg fiat sets. For convenience we introduce the following 

Definition 1.2. Let £ C W 1 be any set. Let x G S and r > 0. We say that H G G(n,m) 
is the best approximating m-plane for S in B(x,r) and write H G BAP m (x,r) if the following 
condition is satisfied 

d n (Z n M(x, r), (x + H)n B(x, r)) < 0£(s, r) . 

Since G(n,m) is compact, such iJ always exists, but it might not be unique, e.g. consider 
the set S = S U {0} and take x = 0, r = 2. 

Recall the definitions of and 6^ given in the introduction. In [3], the authors define the /3 
and 6 numbers in a slightly different way using open balls instead of closed ones. This does not 
change much since both definitions lead to comparable quantities (see fl3l Proposition 1.35]) 

Definition 1.3 (cf. [3], Definition 1.3). We say that a closed set S C W 1 is Reifenberg- flat 
with vanishing constant (of dimension m) if for every compact subset K C S 

lim sup 0^(x, r) = . 

The following proposition was proved by David, Kenig and Toro. 

Proposition 1.4 (cf. [3], Proposition 9.1). Let t G (0, 1) be given. Suppose £ is a Reifenberg- 
flat set with vanishing constant of dimension m in M n and that, for each compact subset K C E 
there is a constant Ck such that 

/3 m (x,r) < Ckt t for each x G K and r < 1. 

Then S is a C 1,T -submanifold ofW 1 . 

1.3. Voluminous simplices. Here we define the class of (rj,d) -voluminous simplices, where 
r\ measures the "regularity" of a simplex. The curvature /C of any such simplex is controlled 
in terms of r\ and d. A very similar notion was used by Lerman and Whitehouse in |16l § 3.1], 
where these kind of simplices were called 1-separated. We derive estimates of the distance 
by which we can move each vertex of an (rj, (i)-voluminous simplex without losing the lower 
bound on the curvature. We will use this result to obtain a lower bound on the ^-energy 
in the proof of Proposition 12.11 

Definition 1.5. Let T = A( xo, • • • , Xk) be a simplex in R n and let d G (0, oo) and n G (0, 1). 
We say that T is (rj,d) -voluminous if 

diam(T) < d and f) min (T) > rjd. 
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Remark 1.6. If T = AT is (77, d)-voluminous then 

<a£<#m<*, hence K ( T) > £ . 
Let us recall the definition of the outer product: 

Definition 1.7. Let wi, . . . , wi be vectors in W 1 . We define the outer product w\ A • • • A u>i 
to be the vector in ]r('), whose coordinates are exactly the /-minors of the (n x /)-matrix 
(wi,...,wi). 

Remark 1.8. A standard fact from linear algebra says that the length \wi A- • -Awi\ of the outer 
product of w\ , . . . , wi is equal to the /-dimensional volume of the parallelotope spanned by 
101, . . . , W[. In particular \w\ A ■ ■ ■ A Wi\ < \w±\ ■ \w2\ • ■ • \w k \- 

Proposition 1.9. Let Tq = ATq = A(xo, ■ ■ ■ , x k ) be an (n,d) -voluminous simplex in M. n . 
There exists a number q k = G (0, 1) such that for any simplex T\ = A T% = A(yo> ■ ■ ■ ; Vk) 

satisfying |xj — y^\ < q k d for each i = 1, . . . , k the following estimate 

(1) ^U k (T ) < ?^(Ti) < ^-fi k (T ) holds, hence also £(Ti) > . 

4 4 Akld 

Proof. Let ? G (0, 1) be some number and let T\ = (yo, . . . , yk) be such that \xi — y%\ < ?d for 
each i = 1, . . . , k. We set Vi = Xi — xq and W{ = (jji — yo) ~~ where i = 1, . . . , k. 

1 



H k (Tx) = -j-\(vi + wi) A . . . A (ufc + tofc) 
1 



|(«i A . . . A v k ) + (wi A v 2 A . . . A v k ) + (t/i A u; 2 A . . . A v k ) . . . 
kl 

. . . + (w± A A 7J3 A . . . A ffc) + . . . + (w\ A W2 A «)3 A . . . A . 

Whenever we take an outer product of j vectors from the set {w\, . . . , w k } and (k — j) vectors 
from the set {v±, . . . , v k } we obtain a vector of length at most d k ~^(^dy . Hence we can write 



k 

\(w! A v 2 A . . . A v k ) + . . . + (wi A w 2 A . . . A w k )\ < 

.1 



E(*)^ = d fc ((i+o*-i) 
.7=1 VJ/ 



which gives ^ fc (T ) - + - 1) < ft fe (Ti) < H k (T ) + + " 1) • 

Since To is (77, d) -voluminous, it satisfies % fc (To) > - k \(r]d) k . We set 

so that -I- <f) fc — 1) < jH fc (T ). Thus, if |xj - < Cfcd, then we obtain the desired 

estimate |^ fc (T ) < ^ fc (Ti) < |^ fc (T ). □ 

Remark 1.10. Let x,s G K and s > 0. When |x| ~ 0, the function (1 + x) s behaves 
asymptotically like 1 + sx, hence there exists a constant C ? = C q (k) > 1 such that 

(3) Vr/G (0,1) ±-rf<<b{ri)<C<rf<<\. 
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1.4. The £p-energy for smooth manifolds. Observe that K(aT) = ^/C(T) for any a > 0, 
so our curvature behaves under scaling like the original Menger curvature c. If A T is a regular 
simplex (meaning that all the side lengths are equal), then K(T) ~ ^vlmT — -^(-^) _1 > where 
R{T) is the radius of a circumsphere of T. For m = 1 one easily sees that we always have 
JC(T) < c(T) = i?~ 1 (T). In dimension m = 2 we also have /C(T) < 4TrJCs v dM(T) for any T 
and /C(T) ~ lCsvdM(T) if T is a regular simplex. 

We emphasis the behavior on regular simplices because small, close to regular (or volu- 
minous) simplices are the reason why £ p (E) might get very big or infinite. For the class 
of (j], d)- voluminous simplices T the value /C(T) is comparable with yet another possible defi- 
nition of discrete curvature (cf. |17[ §10]) 

K , = h min (AT) = 1 h min (Ar) 
diam(T) 2 diam(T) diam(T) ' 

which is basically diar ^(y) multiplied by a scale-invariant "regularity coefficient" ^i^rff ■ This 
last factor prevents K,' from blowing up on simplices with vertices on smooth manifolds. 

It occurs that one cannot define fc-dimensional Menger curvature using integrals of R . 
This "obvious" generalization of the Menger curvature fails because of examples (see |25[ 
Appendix B]) of very smooth embedded manifolds for which this kind of curvature would 
be unbounded. For the curvature K, we have the following 

Proposition 1.11. If M C W 1 is a compact, m-dimensional, C 2 manifold embedded in W 1 
then the discrete curvature K, is bounded on M m+2 . Therefore £ l p (M) is finite for every p > 
and every I G {1, . . . ,m + 2}. 

Lemma 1.12. Let E C R n be any set and let T = (x , . . ■ ,x m+1 ) E S m+2 . We set T = AT 
and d = diam(T). There exists a constant C^p = C^p{m,n) such that we have 

n m+1 (T) < Cjqj^xo, d)d m+1 and consequently K{T) < C Kp ^ X ^ . 

Proof. Without loss of generality we can assume that xq = 0. If the vectors {x±, . . . , x m +i} 
are not linearly independent, then % m+1 (T) = and there is nothing to prove. 

Let x±, . . . x m +i be linearly independent and let W denote the (rn + l)-dimensional vector 
space spanned be these vectors. Set 

S = {s G W 1 - : \s\ < ^{x ,d)d}. 
Then, the set T + S is isometric with T x S and the following holds 
(4) n n (T + S) = ^ m+1 (T)H n ^ m ~ 1 (S) = w^ Tn _i?£ ro+1 (T)cf*- ro - 1 ^(0, d)^ 171 " 1 . 

Using compactness of the Grassmannian we can find a vector space V G G(n, m) such that 

su-P \^Vj{y)\ = P m ( x o,d)d. 

y£T,nM(x ,d) 

Observe also that the mapping Q : G(n,m) — > M. n given by Q(V) = Pv(y) is continuous for 
any choice of y G M. n . In consequence, we get the estimate 

Vy G EnB(i 0) d) \i$(y)\<P%(xo,d)d. 



2 The author wishes to thank Simon Blatt for significantly simplifying this proof while we were working 

■ID- 



SOBOLEV EMBEDDING USING MENGER CURVATURE 9 

The vertices of T lie in £ n ~B(xq, d) and T is convex, so we also have 

VteT \i$(t)\<P%(x ,(t)d. 

Let y G T + S and let t G T and s G S be such that s + 1 = y. Using the triangle inequality 
we see that 

My)| < \y\ < (l + ^(0,d))d 
and My)| < M*)| + |tt^(s)| < 2/3= (x , d)d . 
Hence, T + S is a subset of 

Z = {yeR n : My) | < 2d, |4(y)| < 2/3£(0,d)d} . 

and we obtain 

(5) 7T(T + S) < = u m oj n . m 2 n ^ (0, d) n - m d" . 

Combining ([3]) and ([5]) we obtain the desired estimate. □ 

Corollary 1.13. Let £ C W 1 be any set and let T = (xq, . . . ,x m +i) G S m+2 . There exists 
a constant C„p = CL^(n, m) smc/i i/iat if AT is (r],d) -voluminous then the parameters rj and 
d must satisfy 

V < C v pP%(xo,d)^ . 

Proof. Recalling Remark 1 1.6 1 we have the estimate 7-L m+1 (A T) > ((m+ (rjd) m+ , which, 
combined with Lemma 11.121 leads to rj < ((m + 1)\C]qb) m + 1 {xq, d) . □ 

Proof of Proposition \T.11[ Since M is a compact C 2 -manifold, it has a tubular neighborhood 

M e = M + B £ = {x + y : x G M, y G B £ } 

of some radius e > and the nearest point projection p : M e — >■ M is a well-defined, continuous 
function (see e.g. [5] for a discussion of the properties of the nearest point projection mapping). 
To find e one proceeds as follows. Take the principal curvatures K\, . . . , K m of M. These are 
continuous functions M — > R, because M is a C 2 manifold. Next set 

e = sup max{ | k\ \ , . . . , | n m \ } . 

Such maximal value exists due to continuity of Kj for each j = l,...,m and compactness 
of M. 

We will show that for all r < e and all x G S we have 

(6) /3=(x,r)<lr. 

Next, we apply Lemma [1.121 and get the desired result. 

Choose r G (0, e]. Fix some point x G S and pick a point y G T X M^ with |x — y| = e. Note 
that y belongs to the tubular neighborhood M £ and that p(y) = x. Hence, the point x is the 
only point of M in the ball B(y, e). In other words M lies in the complement of B(y, e). This 
is true for any y satisfying y G T X M^ and |x — y| = e, so we have 

M C R" \ (J (B(y, £ ) : y J_ T.M, |y - x| = s} . 

Pick another point x G S n B(x, r). We then have 

(7) xGB(x,r)\(J{B(y,e) :y±T x M, \y - x\ = e} . 

Using ([7]) and simple trigonometry, it is ease to calculate the maximal distance of x from 
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x + T x M 




Figure 1. All of M nB(i,r) lies in the grey area. The point x lies in the complement 
of M(y,e) and inside B(x,r) so it has to be closer to T X M than z. 



the tangent space T X M. Let z be any point in the intersection dM(x,r) n dM(y,e). Note that 
points of M n M(x, e) must be closer to T X M than z. In other words 

(8) Vx G M n M(x, r) dist(x, T X M) < dist(z, T X M) . 

This situation is presented on Figure [TJ Let a be the angle between T X M and z and set 
h = dist(z, T X M). We use the fact that the distance \z — x\ is equal to r. 

117 I I 9 2 

z — x n Lz — x r 

(9) sin a = = r =>• n = = — . 

w 2e \z-x\ 2e 2e 

This shows ([6]) and thus finishes the proof. □ 

Remark 1.14. Note that the only property of M, which allowed us to prove Proposition II. Ill 
was the existence of an appropriate tubular neighborhood M e . One can easily see that Propo- 
sition [TTTT] still holds if M is just a set of positive reach as defined in [5]. 

1.5. The metric on the Grassmannian. Recall that formally, G(n,m) is defined as the 
homogeneous space 

G(n,m) = 0(n)/(0(m) x 0(n — m)) , 
where 0(n) is the orthogonal group; see e.g. Hatcher's book [8l §4.2, Examples 4.53, 4.54 and 
4.55] for the reference. We treat G(n,m) as a metric space with the following metric 

Definition 1.15. Let U, V € G(n,m). We define the metric 

dGr(U, V) = || 7TC7 — 7Ty || = SUp \kjj{w) — -Ky{w)\ . 

Note that this metric is different from the geodesic distance on the Grassmannian. However, 
the topology induced by the metric dor agrees with the standard quotient topology which 
is the same as the topology induced by the geodesic distance. 

Remark 1.16. Let / : R n — > M. n denote the identity mapping. We will frequently use the 
following identity without reference 

d Gl (U,V) = \\ttu - ir v \\ = ||J_ -(1-4)11 = ||4 -4|| . 
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Definition 1.17. Let V G G(n, m) and let (vi, . . . , v m ) be the basis of V . Fix some radius 
p > and a small constant e G (0, 1) We say that (v\, . . . , v m ) is a pe-basis if 

Vi, j G {1, . . . , m} (5{ - e)p 2 < | ( Vi , Vj )\ < (Sj + e)p 2 . 

Here b\ denotes the Kronecker delta. 

Proposition 1.18. Let (i>i, . . . ,v m ) be a pe-basis ofV€ G(n,m) with constants p = po > 
ande = sq G (0, 1). Let (u\, . . . ,u m ) be some basis ofU £ G(n,m), such that \ iii—Vi\ < $po for 
some # > and for each i = 1, . . . , m. There exist constants C pe = C„ E (m) and e pe = e p£ (m) 
such that whenever Eq < e pe , then 

d G r(U,V) <C p£ $. 

Lemma 1.19. Let (v\, . . . , v m ) be a pe-basis of V £ G(n,m) with constants p = pq = 1 
and e = Eq G (0,1). There exists an orthonormal basis vi,...,v m of V and a constant 
C gs = C gs {m) such that \vi — Vi\ < C gs EQ. 



Proof. Set 



i-1 

vi = - — - , Si = y^(vi,Vj)vj , Vi=Vi- Si and = — - 

\Vl\ f-f \Vi\ 



We proceed by induction. For % = 1, we have \v\ — v±\ = |1 — \vi\\ < £q. Assume that for 
i = 1, . . . , io — 1 we have \vi — Vi\ = Ceq for some constant C = C(i). It follows that 

io-1 

K -Vi \ = \s io \ < ^2 \(v io ,Vj)\ + \(v iQ ,Vj -Vj)\ < C(i )E 
i=i 

and 1 - (C(i ) + l)eo < bi | ~ \ s io\ < bio I < bio I + l s *ol < 1 + (C^o) + l)eo , 

hence |v io - •D io | < \v io -v io \ + \v io - v io \ < (2C(i ) + l)e . □ 

Lemma 1.20. Let (vi, . . . ,v m ) be an orthonormal basis ofV€ G(n,m) and let U G G(n,m) 
be such that \-K^(vi)\ < i?. There exists a constant C n = C ir {m) such that dQ T {U,V) < C^d. 

Proof. Without loss of generality, we can assume that # < 1. If i) > 1 then we can set — 2 
and there is nothing to prove. Set m = TTjjVi. Since (vi,Vj) = for i ^ j, we have 

(ui,Uj) = {iTijVi,TT^Vj) and 5{ - ft 2 < \{ui, Uj)\ < 5j + i? 2 , 

so tii, ... , u m is a pe-basis with p = 1 and e = $ 2 . From Lemma [1.191 there exists an orthonor- 
mal basis ui, ... , u m such that \ui — ui\ < Cgs'Q 2 . Hence \ii — Ui\ < Cgs'Q 2 + i? < (1 + C gs )$. 
We calculate 



(10) dQ r (U, V) = sup \iru(w) — nv(w)\ = sup 



i=l 

< sup^ \ (w,Ui)(ui -Vi)\ + \ (w, (iii - Vi))vi\ < 2m(l + C gs )-d . □ 



Proof of Proposition Dividing each vi by po, we get a pe-basis with p = 1. Hence we can 
assume that po = 1- Without loss of generality we may also assume that i? < 1. Indeed, we 
always have the trivial estimate dQ r {U, V) < 2, so if i? > 1 we can set C pe = 2. 
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Let Vi , . . . , v m be the orthonormal basis given by Lemma 11.191 applied to v\, . . . , v m . Then 

WijVi\ < \^u(vi -Vi)\ + \iruVi\ < \vi - Vi\d Gr (U, V) + \vi - Ui\ < C gs £ d Gr (U, V) + ■& 

for each i = 1, . . . ,m. We set e pe = e pe {m) = ^(C^Cgs) -1 and we assume eq < e pe . Applying 
Lemma ll .201 we obtain the estimate 

d Gr (U, V) < C^C gs e Q d Gr (U, V) + C w d Gr (U, V) < . □ 

1 — Ly^gsEQ 

2. Geometric Morrey-Sobolev embedding 

In this section we prove Theorem [T] which is a geometric counterpart of the Morrey-Sobolev 
embedding W 2 'P(R k ) C C 1 ' 1- */' for p > k. We also give some examples of m-fine sets to 
which Theorem Q] applies. 

2.1. Proof of Theorem [TJ 

Proposition 2.1. Lei Z £ {1, 2, . . . , m + 2} and p > mZ. Assume SCK" satisfies (|Ahl|) and 
aZso fl(S) < £7 < oo. Lei T = (x , . . . , x m+ i) E S m+2 . // T = AT is (r],d) -voluminous 
with d < Ram, then rj and d must satisfy 

/ C A 1 \ / F \ 1 / K 

(11) rf > ( ^gAhl \ ^/A or equwalent l y ^< d A/K ) 

where = C^m, Z,p) zs some constant, X = p — ml and k = (p + ml)(m + 1). 
Proof. We shall estimate the f^-energy of E. Recall that ? m +i < | was defined by ([2|). 

(12) oo>E>£ l p (E)= [ sup /C^yo,...,^!) <*«(SL,w-i) 
> / • • / sup K?(A(y , • • • ,y m+ i)) dn^ _ y[ i) . 



Proposition 11.91 combined with Remark 11.61 lets us estimate the integrand 

/ o m+l \ V 

sup *7(A(y ,...,y m+1 ))> ; . 

Since S satisfies (lAhlj) , we get a lower bound on the measure of the sets over which we integrate 

n m (z n b(x 4 , Wl d)) > A Au ^ m+1 d) m . 

Plugging the last two estimates into (|12p and recalling (|3|) we obtain 

/ O m+1 \ P 

E > (A Ah ^ m+1 dD l ( 4( ^ + 1)ld j = C„(m, Z,p)^ hl ^^ (P+m0(m+1) • □ 

Proposition 12.11 is interesting in itself. It says that whenever the energy of £ is finite, we 
cannot have very small and voluminous simplices with vertices on S. It gives a bound on the 
"regularity" (i.e. parameter rf) of any simplex in terms of its diameter d and we see that r\ 
goes to when we decrease d. Now we are ready to prove Proposition [TJ 
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Proof of Proposition^ Fix some point x E E and a radius r € (0,i?Ahl)- Let T = AT = 
A(xo, • • • , x-m+i) be an (m + l)-simplex such that x% E E n B(x, r) for i = 0, 1, . . . , m + 1 and 
such that T has maximal % m+1 -measure among all simplices with vertices in En B(x, r). 

V. m+1 (T) = max{n m+1 (A(x' , . . . ,x' m+1 )) : x\ £ Efl B(x, r)} . 

The existence of such simplex follows from the fact that the set E H B(x, r) is compact and 
from the fact that the function T i— > / H m+1 (A T) is continuous with respect to Xo, . . . , x m+ \. 

Rearranging the vertices of T we can assume that fj m i n (T) = f) m +i(T), so the largest m-face 
of T is A(xo, . . . , x m ). Let H = spanjxi — xo, • • • , x m — xo}, so that xq + H contains the 
largest m-face of T. Note that the distance of any point y E E n B(x, r) from the affine plane 
xq + H has to be less then or equal to rj m ; n (T) = dist(x m +i, xq + H). If we could find a point 
y E E PlB(x, r) with dist(?/, xq + H) > f) m i n (T), than the simplex A(xo, • • • , x m , y) would have 
larger % m+1 -measure than T but this is impossible due to the choice of T. 

Since x E E n B(x, r), we know that dist(x, xq + H) < rj m ; n (T), so we obtain 

(13) VyEEnB(x,r) dist(y, x + H) < 2f) min (T) . 

Now we only need to estimate fj m i n (T) = rj m +i(T) from above. Of course T is (rj m i n (T)/(2r), 2r)- 
voluminous, so applying Proposition 12,11 we obtain 

(14) < ( ^ (2r)V« . 



Putting ([TBI and (fT4|) together we get 

fax, r) < < 4 ^ (2r)V- = C(m, I,p) ^ r*/« . □ 

Having Proposition [T] at our disposal we can easily prove Theorem [TJ 
Proof of Theorem^ We know already that /3^(x,r) < C(m, l,p, A am, -E^r A / K for r < i?AM- 



We assumed (9 < /3), so E is Reifenberg flat with vanishing constant. We finish the proof 



by applying Proposition 11.41 □ 

2.2. Examples of m-fine sets. Here we give a few examples of m-fine sets. 

Example 2.2. Let M be any m-dimensional, compact, closed manifold of class C 1 and let 
/ : M — > M. n be an immersion. Then the image E = im(/) is an m-fine set. At each point 
x E M, there is a radius R x such that the neighborhood U x C /~ 1 (B(/(x), R x )) of x in M 
is mapped to the set V x = f(U x ) C B(/(x),i? x ) and is a graph of some Lipschitz function 
: D f (x)T x M {D f {x)T x M)^- . If we choose iZ^ small then we can make the Lipschitz 
constant of Q x smaller than some e > 0. Due to compactness of M and continuity of Df we 
can find a global radius i?s = min{i2 x : x E M}. Then we can safely set -A am = Vl — £ 2 and 
M E = 4. 

Example 2.3. Let E be the van Koch snowflake in R 2 . Then E is 1-fine but it fails to be 
1-dimensional. 

Example 2.4. Let m = 1, n = 2 and 

oo oo 

£ = IJ i-Qk) u {(*, o) e m 2 : i e [-1, i]}u[Jq fc , 

fe=l fc=l 
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Figure 2. This set is 1-fine despite the fact that it has boundary points. 



where 



Q = d([0,l] x [0,1]) and Q k = ( £ T\ -§) + 2~( fc+1 )g 



See Figure [2] for a graphical presentation. Condition 9 < /3 holds at the boundary points 
(—1,0) and (1,0) of £, because the /3-numbers do not converge to zero with r — )■ at these 
points. All the other points of £ are internal points of line segments or corner points of squares, 



so at these points condition (6 < j3) is also satisfied. Hence, £ is 1-fine. 



This example shows that condition ( < ft | does not exclude boundary points but at any 



such boundary point we have to add some oscillation, to prevent /3-numbers from getting too 
small. The same effect can be observed in the following example 



£ = d([l,2] x [-l,l])u{(s,ssiii(i)) :x€(0,l]}. 

3. Uniform Ahlfors regularity - the proof of Theorem [2] 

Here we give the proof of Theorem [2J First we introduce the class of admissible sets, which 
is tailored for proving the existence of many voluminous simplices (cf. Proposition 13. 181) with 
vertices on £. Proposition 13.181 is crucial in the proof of Theorem [2] In the end we also show 
how to make all the emerging constants depend solely on E, m, I and p. 

3.1. The class of admissible sets. In this section we introduce the definition of the class 
A(5, m) of (5, m) -admissible sets - here 5 G (0, 1) is some number. This definition is essentially 
the same as [26} Definition 2.9] but it is more convenient for us to impose only local lower 
Ahlfors regularity (jAhip instead of Condition HI of |26[ Definition 2.9]. 

Definition 3.1. Let / be a countable set of indices and assume there exist compact, closed, 
m-dimensional manifolds Mj of class C , a set Z with H m (Z) = and continuous maps 
fi-.Mi^ W 1 for i G /, such that 

£ = \Jfi(Mi)UZ. 

Let N be an (n — ?n)-dimensional, compact, closed submanifold of W 1 . We say that £ is linked 
with N and write lk2(£, N) = 1, if there exists an i G / such that the map 

F : Mi x N -> S™" 1 , F(w, z) = - Z , satisfies deg 9 F = 1 , 

\fiM ~ A 

where deg 2 is the topological degree modulo 2. 

For the definition of the degree of a map we refer the reader to [H] Chapter 5, § 1]. 

Definition 3.2 (cf. [26] Definition 2.9). Let 5 G (0, 1) and let 7 be a countable set of indices. 
Let £ be a compact subset of M. n satisfying (|Ahl|) . We say that £ is (5, m)- admissible and 
write £ G A(S, m) if the following conditions are satisfied 
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Al Mock tangent planes and flatness. There exists a dense subset E* C S of full 
measure in E (i.e. % m (E \ E*) = 0) such that for each x G E* there is an m-plane 
H = H x G G(n, m) and a radius tq = rg(x) > such that 

\ n H(y ~ x )\ < ~~ x l f° r eacri y £ r o) n s . 

A2 Structure and linking. There exist compact, closed, m-dimensional manifolds Mj 
of class C , a set Z with T-L m (Z) = and continuous maps fi : Mi — > R n for i G I, 
such that 

E = \Jf i (M i )UZ 

iei 

(15) and Vx G E* lk 2 (E, J^) = 1 where ^ = S (x, ±r ) n (x + H^) . 

Condition [AT] ensures that at every point x £ X* one can touch E with an apropriate cone. 
Condition |A2] says that at each point of S there is a sphere 5? x which is linked with S. This 
means intuitively, that we cannot move 5? x f ar away from E without tearing one of these sets. 
Example 13.101 shows that this condition is unavoidable for the theorems stated in this paper 
to be true. 

There are three especially useful properties of lli2 that we want to use. 

Proposition 3.3 (cf. [26], Lemma 3.2). Let A C R n be a (5, m)- admissible set and let N be a 

compact, closed (n — m—1)- dimensional manifold of class C , and let Nj = hj(N) for j = 0, 1, 
where hj is a C 1 embedding of N into W 1 such that Nj Pi E = 0. // there is a homotopy 

G : N x [0, 1] -> R n \ S , 

such that G(—,0) = ho and G(— ,1) = h\, then 

lk 2 (E,iVo) = lk 2 (S,iV 1 ). 

Proposition 3.4 (cf. [26], Lemma 3.4). Let E C R n be a (5, m)- admissible set. Chose y € W 1 
and e £ R such that < e < r < 2e and dist(y, E) > 3e. Then 

\k 2 (E,§(y,r)n(y + V)) = 

for each V G G(n,n — m). 

Proposition 3.5 (cf. [26], Lemma 3.5). Let E C R n be a (5, m)- admissible set. Assume that 
for some y G R n , r > and V G G(n, n — m) we have 

Ik 2 (E,S(y,r)n(y + F)) = l. 
Then the disk B(y, r) n (y + V) contains at least one point of S. 

Example 3.6. Let E be any closed, compact, m-dimensional submanifold of R n of class C . 
Then E G A{8, m) for any 5 G (0, 1). 

It is easy to verify that E G A(S,m). Take M\ = E and f\ = "v&Mx- The set Z will be 
empty, so E* = E. At each point x G E we set H x to be the tangent space T X E. Small spheres 
centered at x G E and contained in x + H x are linked with E; for the proof see e.g. |18[ pp. 
194-195]. Note that we do not assume orient ability; that is why we used degree modulo 2. 

Example 3.7. Let E = U^Li^> where Ej are closed, compact, m-dimensional submanifolds 
of R n of class C . Moreover assume that these manifolds intersect only on sets of zero Tri- 
dimensional Hausdorff measure, i.e. 

H m (EinEj) = iori^j. 
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Then £ G A{5, m) for any 5 G (0, 1). 

Remark 3.8. Any C 1 -manifold is (5, m)-admissible (cf. Example 13. 6p for any 5 G (0,1), 
hence any m-fine set with finite £p-energy for some p > ml is also (5, m)-admissible. 

It turns out that any (<5, m)-admissible set with finite £^-energy for some p > ml is also 
m-fine. We will not use this fact in this article. The proof for the £™ +2 -energy can be found 
in \13\ Theorem 2.13]. 

If we do not assume finiteness of the <?i,-energy then these two classes of sets are different 
and none of them is contained in the other. 

Example 3.9. Let 

£ = ([0, 1] x {0}) U ({1} x [0, 1]) U ({(x, x 2 ) :i£ [0, 1]}) C R 2 . 



Then £ is (<5, Inadmissible for any 5 G (0, 1) but it is not 1-fine. It does not satisfy (6 < /3) 
at the points (0,0) and (1, 1). 

Now we give some negative examples showing the role of condition IA21 

Example 3.10. Let H G G(n,m) and let £ = ir H (S) = B n H. Then £ satisfies (jAhTj) 
and condition [AT] but it does not satisfy IA21 Hence, it is not admissible. Although £ is 
a compact, m-dimensional submanifold of W 1 of class C , it is not closed. 

Example 3.11. Let £ = SnIR m+1 . Of course £ is admissible as it falls into the case presented 
in Example 13.61 We want to emphasize that there are good and bad decompositions of £ into 
the sum |J fi(Mi) from condition IA2I 

The easiest one and the best one is to set M\ = £ and f\ = Umi- But there are other 
possibilities. Set Mi = S n R m+1 and M 2 = S n R m+1 and set 

fl (jEl j • • • j 2-m+l ) — ("Cl j • • • > %m i | %m+l \ ) , 

f 2 (xi, . . . ,x m+ i) = (xi, . . . ,x m , -|x m+ i|) , 

so that fi maps M\ to the upper hemisphere and f 2 maps M 2 to the lower hemisphere. This 
decomposition is bad, because (|15p is not satisfied at any point. 



3.2. Homotopies inside cones. In this section we prove a few useful facts about cones. 
In the proof of Proposition 13.181 we construct a set F by glueing conical caps together. Then 
we need to know that we can deform one sphere lying in F to some other sphere lying in F 
without leaving F. To be able to do this easily we need Propositions 13.161 and 13.171 

Definition 3.12. Let H G G(n,m) be an m-dimensional subspace of W 1 and let 5 G (0, 1) be 
some number. We define the set 

W{5, H) = {V G G(n, n - m) : G V \irjj(v)\ > S\v\} . 

In other words V G £f (5, H) if and only if V is contained in the cone C(S, H). If n = 3 and 
m = 1 then H is a line in M 3 and the cone C(5,H) contains all the 2-dimensional planes V 
such that sm(<(H,V)) > 5. 

Proposition 3.13 (cf. |13| Proposition 4.2). For any two spaces U and V in &(5,H) there 
exists a continuous path 7 : [0, 1] —> &(5,H) such that 7(0) =V and 7(1) = U. 

Corollary 3.14 (cf. |13| Corollary 4.3). The path 7 from Proposition ^. 1 Si lifts to a continuous 
path 7 : [0, 1] — > 0(n) in the orthogonal group. 
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The proofs can be found in |13^ Section 4.1.1] 

Corollary 3.15. Let H and 6 be as in Proposition VJ.l'A Let S\ and S2 be two round spheres 
centered at the origin, contained in the conical cap C(5, H, p\, P2) and of the same dimension 
(n — m—i). Moreover assume that < p\ < P2- There exists an isotopy 

F:Si x [0,l]^C(8,H,p 1 ,p 2 ), 

such that F(-, 0) = id Sl and F(Si x {1}) = S 2 ■ 

Proof. Let n and r2 be the radii of Si and S2 respectively. We have p\ < r\ , r2 < P2 ■ Let 
Vi,V2 G G(n,n — m) be the two subspaces of M n such that S\ C V\ and S2 Q V2. In other 
words Si = S n Pi Vi and ^2 = S r2 H V2. Because Si and $2 are subsets of C(<5, H), we know 
that Vi and V2 are elements of &(5,H). From Proposition 13.131 we get a continuous path 7 
joining Vi with V2. By Corollary 13.141 this path lifts to a path 7 in the orthogonal group 
0(n). For z G Si and t € [0, 1] we set 

F(z,t) = 7(t)>y(o)- 1 z. 

This gives a continuous deformation of Si = S n Pi Vi into S ri H V2. Now, we only need to adjust 
the radius but this can be easily done inside V2 Pi A(pi, P2) so the corollary is proven. □ 

Proposition 3.16. Let H € G(n,m). Let S be a sphere perpendicular to H, meaning that 
S = S(x, r) n (x + H^) for some x G H and r > 0. Assume that S is contained in the conical 
cap C(6, H, pi, P2), where P2 > 0. Fix some p G (pi,P2)- There exists an isotopy 

F:Sx [0,l}^C(6,H,p u p 2 ), 
such that F(-,0)=id S and F(S x {1}) = S p n . 




Figure 3. When we move the center of a sphere to the origin, we need to control the radius 
so that the deformation is performed inside the conical cap. 



Proof. Any point z G S can be uniquely decomposed into a sum z = x + ry, where y £§>CiH 
is a point in the unit sphere in H^~. We define 

F(x + ry,t) = (1 - t)x + y^r 2 + \x\ 2 - |(1 - t)x\ 2 . 
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This gives an isotopy which deforms S to a sphere perpendicular to H and centered at the 
origin (see Figure [3]). Fix some z = x + ry E S. The sphere S is contained in C(5,H), so it 
follows that 



K(F(z,t))\ _ ^ r 2 + \x\ 2 -\{l-t)x\ 2 > r = >§ 



\F(z,t)\ ^r 2 + \x\ 2 " ^+ 



x\ 



This shows that the whole deformation is performed inside C(<5, H). Next, we need to contin- 
uously change the radius to the value p but this can be easily done inside H 1 - n (Bp 2 \ M pi ) . □ 

Next, we give a sufficient condition on a and (3 assuring that C(a,P) n C((3,H) contains 
another cone C(j,H) for some 7 E (0,1). This allows to construct homotopies of spheres 
inside C(a, P) U C(/3, iJ) 

Proposition 3.17. Lei a > anc? /3 > be two real numbers satisfying a + j3 < \J\ — /3 2 
anc? /ei Hq,H\ E G(n,m) be two m-planes in W 1 . Assume that 



c(Vi - a 2 , Hj-) n c( Vi - /? 2 , ^i 1 ) / • 

T/ien /or any e > u;e /iawe i/ie inclusion 

(16) C((a + /3)/Vl " /3 2 + e, #0) C C(e, i^) . 



In particular, if a + j3 < (1 — /3)y/l — fi 2 , then 



Proof. First we estimate the "angle" between i?o and Since the cones C(\/l — ct 2 , Aq) 
and C(-\/l — f3 2 ,Hi) have nonempty intersection they both must contain a common line 
L E G(n,l). 

L C C( Vl - a 2 , #o") n C ( \/l - /3 2 ' ^i 1 ) • 
Choose some point z E H\ and find a point y E L such that z = TTH 1 (y)- Since y E 
C(-y/l — j5 2 ,H^) it follows that |7i# (y)| < Furthermore, by the Pythagorean theorem 

|2 _ |„ f„,\|2 1 I „_L / ,\|2 ^ I 1 2 , o2|„.|2 



|2/r = \*hM\ +\-KhM\ < \*\ +P \y\ , hence \y\ < 



Because y also belongs to the cone we have |7r# o (y)| < S\y\, so we obtain 

hi (z)| < |vr^ (y)| + |7T^ (z-y)| < |7r^ (y)| + \z - y\ 
(17) =l<(y)l + K(y)l <<X\V\+P\V\ < a r^ \A for all z E Hi . 

Choose some e > and let 



If e is small enough, then such x exists by the assumption that a + /3 < -y/l — /3 2 . For bigger e 
the inclusion C((a + f3)/y/l — f3 2 + £,Hq) C C(e,Hi) is trivially true. From the triangle 
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inequality 

a + /3 



-Jx| < \*h (x)\ < 1^04 0*0)1 + \7rjj (7r Hl (x))\ 

v 1 - P 

hence |tt^ (x)| > ° [ + = ' |g| + e|x| - |tt^ (vr^ (x))| . 

v 1 - Z 3 

Because 71"^ (x) G .ffi and because of estimate (|17p we have 

l ± / m ^ a + P U + P i / m ^ | | n 

Fffi I 21 ) > — x + e x . TTg, (x) > e x . U 

3.3. The construction of voluminous simplices. For any xo G X* Proposition [3T8] stated 
below, ensures the existence of d = d(xo) > and an (77, d)-voluminous simplex with vertices 
on X n B(xo,d) and also that at any scale below d our set X has big projection onto some 
affine m-plane. The reasoning used here mimics |251 Proposition 3.5]. Note that, finiteness of 
the fp-energy is not used in the proof. 

Proposition 3.18. Let 5 G (0, 1) and X G A(5,m) be an admissible set. There exists an t]q = 
r]o(5,m) > such that for every point xq G X* there is a stopping distance d = d(xo) > 
and a (m + 1) -tuple of points (xi, X2, . . • , x m +i) € j^m+i suc /j 'p _ A(xo, . . . , x m +i) 
is (r]Q,d) -voluminous. Moreover, for all p G (0, ^d) there exists an m-dimensional subspace 
H = H(xo,p) G G(n,m) with the property 



(18) (x + H) n B(x , \A - 5 2 p) C 7r S0+ H(S D B(x , p)) ■ 
Corollary 3.19. For any xq G X* and any p < ^d(xo) we have 

H m (XnB(x , / 9))>(l-<5 2 )f Wm , /O m . 

Proof. The orthogonal projection tt xq+ h is Lipschitz with constant 1 so it cannot increase the 
% m -measure. From (|18p we know that the image of X n B(xo,p) under tt Xo+ h contains the 
ball (xo + H) n B(x , Vl — 5 2 p). The measure of that ball equals (1 - 5 2 )^uj m p m . □ 

Proof of Proposition \3.18[ Without loss of generality we can assume that Xo = is the origin. 
To prove the proposition we will construct finite sequences of 

• compact, connected, centrally symmetric sets Fq Q F\ Q . . . Q Fn, 

• m-dimensional subspaces Hi C W 1 for i = 0, 1, . . . , N, 

• and of radii po < Pi < " " " < PN- 
For brevity, we define 

n = \J\- 5 2 pi . 

The above sequences will satisfy the following conditions 

• the interior of Fi is disjoint with X, i.e. 

(19) XnintF; = 0, 

• the radii grow geometrically, i.e. 

(20) Pi+1 > 2 Pi , 
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• for each i > the set contains a large conical cap, i.e. 

(21) C(8,H i+ x, \pi,p i+ i) C F i+ i , 

• all spheres S centered at H j H M ri , perpendicular to Hi (i.e. 5 C + p for some 
p G M") and contained in are linked with £, i.e. 

(22) ViG^nB r , Vs>0 = S{x,s)n{x + H^) CFi lk 2 (£,,S) = l 

Let us define the first elements of these sequences. We set Hq = H Xo , po = and Fq = 0. 
Next, we set 

H 1 = H , pi = inf{s>O:C(5,# o ,O,s)n£/0} and Fi = C(6, H u 0, pi) . 

Directly from the definition of an admissible set, we know that p\ > 0, so the condition ([20]) is 
satisfied for i = 0. Conditions (|19p and (|2ip are immediate for 2 = 0. Using Proposition 13.161 
one can deform any sphere S from condition (|22p to the sphere ,5^ defined in [A2] of the 
definition of A(5,m). This shows that (|22p is satisfied for i = 0. 

We proceed by induction. Assume we have already defined the sets Fi, subspaces Hi and 
radii pi for i = 0, 1, . . . , I. Now, we will show how to continue the construction. 

Let (ei, &2i • • • i e m) be an orthonormal basis of Hj. We choose m points lying on S such 
that 

Xi G S n B(r/ei, fyj) n + r/e;) 

(23) and in particular x% G B(xo, 2p/) for i G {0, 1, . . . , m} . 

Condition (|22p together with Proposition 13.51 ensure that such points exist. The m-simplex 
R = A(xq,xi, . . . , x m ) will be the base of our (m + l)-simplex T. Note that 

diam(R) < 4pj and 7r#.(R) = A(0, r/ei, r/e2, ■ ■ ■ ,r/e m ) , hence "H m (R) > — T — . 

ml 

Recall that xq = and set P = span{xi,X2, • • • ,x m }. It suffices to find one more point 
x m +i G £ such that the distance dist(x m+ i,P) > fjpi for some positive fj. Indeed, if we set 
T = A(xq, . . . ,x m+ i), we have 

(24) ftmin (T) = > g^tggg) > {W W - 



max{^ m (fc i T)}™+ 1 " (4 P/ ) m w m -^ J/ w m 4"%! 
Choose a small positive number /io = /lo(^) < o sucn that 
(25) 5 + 2/i <5 < (1 - 2hoS)y/l - {2h 5) 2 . 



This is always possible because when we decrease ho to the left-hand side of (I25p converges 
to 5 < 1 and the right-hand side converges to 1. We need this condition to be able to apply 
Proposition 13.171 later on. 

Remark 3.20. Note that if 5 < |, we can set ho = ^ because then 

6 + 2ho6<± and (1 - 2/i 5) V / l - (2M) 2 > f # > ^ • 
There are two possibilities (see Figure U]) 
(A) there exists a point x m +i G £ Pi A(^pj, 2pj) such that 

dist(x m+ i,P) > /i 5p/ , 
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(B) E is contained in a small neighborhood of P, i.e. 

EnA(^j,2pj) CP + B Wp; . 




(A) (B) 
Figure 4. The two possible configurations. 

If case |(A) | occurs, then we can end our construction immediately. The point x m -\-i satisfies 
x m+ i £ M(x , 2/3/) and dist(z m+ i, P) > h 5pi . 
Hence, recalling ( | 24 |) . we may set 

(26) T = A(x ,...,x m+1 ), N = I, m = h °^]~ j ) . 2 and d = d(x ) = A Pl . 

If case [(B)] occurs, then our set E is almost flat in A(^pj, 2pj) so there is no chance of finding 
a voluminous simplex in this scale and we have to continue our construction. Let 

. H I+1 = P, 

• pi + i = inf{s > pj : <C(£, P, pi, s) fl S 7^ 0} and 

• F m = F / UC(5,P,ip / ,p m ). 
We assumed |(B) I so it follows that 

(27) Vx G En k{\ Pl ,2 Pl ) \%p{x)\ < h 5pi < 2h 5\x\ < 5\x\ . 

This means that C(5,P, ^pi,2pi) does not intersect E and we can safely set iij+i = P. It 
is immediate that pi+i > 2/9/ so conditions (|19p . ([20| and (|2ip are satisfied. Now, the only 
thing left is to verify condition (|22l) . 

We are going to show that all spheres S contained in .Ff+i of the form 

S = S(x, r)n(x + P- 1 -) , for some x G P n B rj+1 

are linked with E. By the inductive assumption, we already know that spheres centered 
at Hi nl rj) perpendicular to Hi and contained in Fj are linked with E. Therefore, all we 
need to do is to continuously deform S to an appropriate sphere centered at Hi and contained 
in Fi in such a way that we never leave the set Fi + \ (see Figure [5]). 
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Figure 5. First we move the center of 5 to so- Then we rotate S so that it is perpendicular 
to Hi. Finally we change the radius so that it is between \pi-i and pi. 

We know that -Fj+i contains the conical cap C = C(S, P, \pi, Pi+i), so we can use Propo- 
sition [XTU] to move S inside C, so that it is centered at the origin. 
From ()27p we get 

E n A(ip 7 , 2 PI ) CR"\ C(2h 5, P) c C(Vi - (2M) 2 , P X ) • 
Using this and our inductive assumption we obtain 

E n A(i P7 , P/ ) c c( Vi - 5*,hJ-) n c(v/i - (2M) 2 , ^) • 

We have two cones that have nonempty intersection and we chose ho such that (|25p holds, 
so we can apply Proposition 13. 17l with a = 5 and f3 = 2ho5. Hence the intersection C(5, Hj) n 
C(5, P) contains the space Hj~. Therefore 

Hj- n A(ipj, p J+ i) c c(<5, P, pj+i) n Fj . 

Using Corollary 13.151 we can rotate 5 inside C, so that it lies in H^~. Then we decrease the 
radius of S to the value e.g. jpj € (-^pi-i, pi). Applying the inductive assumption we obtain 
condition ((52} for % = I + 1. 

The set E is compact and pi grows geometrically, so our construction has to end eventually. 
Otherwise we would find arbitrary large spheres, which are linked with E but this contradicts 
compactness. □ 



3.4. The proof of Theorem O 
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Proof of Theorem^ From Theorem[T]we already know that £ is an embedded, C 1,A / K -smooth 
manifold without boundary. Hence, it is also (5, m)-admissible for any 5 G (0,1) (cf. Exam- 
ple ESD and £* = E. Set S = \, then Corollary EH] gives us Theorem [2] where Rq can be any 
number less than d(E) = mi^gs d(xo). Hence, it suffices to show that d(E) can be bounded 
below independently of £. 

From Proposition 12.11 we know that d(E) must satisfy (jlip with rj = rjo defined by (|26|) . 
Hence, we already have a positive lower bound on <i(£). We only need to show that it does 
not depend on A^\. 

Fix a point xq G £ such that d{x$) < (1 + e)d(£) for some small e G (0, 1). Proposition 13. 181 
gives us an (770, d(xo))-voluminous simplex A(xo, • • • , x m+ i). Recall that ? m +i < \ was defined 
by ([2D - For each i = 1, 2, . . . , m + 1 we have 

1 1 

? m+ idOo) < Wi(! + e)d(£) < - ' 

Hence, applying Corollary 13.191 we get 

./1 cm 

r(Enl(x„ Wl( l(xo))) > ^ Wra (wi*o)) m . 

Now we can repeat the calculation from the proof of Proposition 12. 1[ replacing ^4aIi1 with 
w m , to obtain 

V ■ - /- j/ nral / OT IO \ _ r<(™ 1 \ml-p 



U(m + l)!d(x ) 1 = C ( m > l >P) d ( x ° 



Therefore 



(28) ±d(£) = \ lim (1 + e)d(E) > ld(x Q ) > C(m, l,p)E^ = R . □ 

3.5. Removing the dependence on Mg^ and Rep- In this section we show that if £ is 
m-fine with finite ^-energy, then the constants Mgp and Rgp from Theorem [1] can be chosen 
depending solely on E, m, I and p. 

Proposition 3.21. Let E C W 1 be an m-fine set such that £i,(E) < E < 00 for some p > mZ. 
Then there exists R\ = Ri(E,m,l,p) such that E satisfies (|Ahl|) and (0 < f3) with constants 

Mep = 5, ifys = Rhh\ = R\ and A Ah \ = ^ppw m . 

Proof. From Theorem Q] and Theorem [2] we already know that E is (|, m)-admissible with 

E* = E and satisfies (|Ahl|) with Pam = Rq an d j4am = ' oj m . Hence, by Proposition [TJ 
we also have 

Vr < R Vs G S Pm(x,r) < C(m,l,p)E*r« . 
Fix a point xq G E and a radius r < Rq. Choose some m-plane P G G(n, ?n) such that 

(29) VyGEnB(x ,r) \^(y - x )\ < /3%(x , r) . 



For brevity we set f3 = 2f3^ l (xQ,r) and 7 = Inspecting the proof of Proposition 13.181 we 

can find i G N such that pi < r < pi+i- We set H = Hi. Let y G M n be any point such that 
y — xq G H and |y — xq\ = 7?-. We see that §(y, |r) n (y + -ff" 1- ) is linked with E, hence (cf. 
Proposition 13. 5p there exists z G S n B(y, ^r) n (y + H^~). Note that 7r < \z — xq\ < r, so 

|7r^-xo)| gr _ g c( p/7i_£ a 



<^ = ^, henC e ( z _ Xq ) e C (l - 4) 3 , P^ n C( 7 , iT x ) . 



sol l r 7 
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To apply Proposition 13.171 we need to ensure the condition 



(30) vT^+f < (1 - f - (f) 2 /3<7^(l-f)yi-(f) 2 -\/wj • 
Substituting ^ = ^ in (j30|) and recalling that 7 = we obtain the following inequality 

(31) * < (1 - ^W 1 - * 2 - 7 ■ 

Note that if ^ — )• then the right-hand side converges to |. Let ^0 be the smallest, positive 
root of the equation * = (1 - <I>)Vl - ^ 2 - \. Then any * £ (0, <I>o) satisfies d3TJ) . Recall 
that \fi = f3^(x,r) < C(m,l,p)E 1 ^ fi r x ^ K , so to ensure condition (|30p it suffices to impose the 
following constraint 

(32) r < min I £^,#oj =Rx(E,m,l,p). 
Now, for such r we can use Proposition 13,171 to obtain 

^cc(i,F)nc(f,p). 




Figure 6. If f3 is small enough, then the cone C(j^, P) contains i/ x and we can continuously 
transform Si into 83 inside the conical cap C(|^, P, |>"7, |r). 



We set C = x + C(\,H, ±pi,p i+1 ) and Si = S(x ,r) n (x + H 1 ) C C. Observe that 
CnS = and lk 2 (5i, S) = 1. Using Corollary [3T5] we rotate Si into S" 2 = S(x ,r)n(x + P- L ) 
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(see Figure[6]) inside C(^,P, rj, r). Note that for x G £ such that \x — xq\ > ^r we have 

7Tp(x - xq) fir _ fj 
\x — xq\ 7r 7 ' 

hence the conical cap C(^,P, ^r, r) does not intersect £ and the resulting sphere £2 is still 
linked with S. Next we decrease the radius of S2 to the value fir obtaining another sphere 
53 = §>(xq, fir) n (xo + P- 1 ) which is also linked with E. 

We can translate S3 along any vector v G P with |w| < \/l — (i 2 r without changing the 
linking number. This way we see that for any point w G (xq + P) n B(xo, - /3 2 r) there 
exists a point z G £ such that |z — io| < /3r. 

For any other point w G (xq + P) with yT— fi 2 r < \w — xq\ < r we set 



w = w — (w — xq)\w — xq\ 1 (1 — yl — /3 2 )r , 
so that \w — xq\ < y/l — /i 2 r. Then we find z G £ such that |tD — z| < fir and we obtain the 



estimate 



\z — w\ < \z — w\ + \w — w\ < fir + (1 — yl — /3 2 )r 

= rY/3 + — ^=f j < 2/?r = 4^(x, r)r . 

This implies that <i%(£ n B(xo, r), (rro + P) H B(xo, r)) < 5/3^ (xo, r). Therefore the infimum 
over all H G G(n,m) must be even smaller, so #^(xo,r) < 5/3^(xo,r) for any r < i?^ = R\ 
and we can safely set Mqr = 5. □ 

4. Uniform estimates on the local graph representations 
For the sake of brevity we introduce the following notation 

^ = TTTzS and vr^ = tt^s , 
where ifS. The main result of this section is 

Theorem 4.1. Let S C ]R n 6e an m-fine set. If 6 l p {Yf) < E < 00 for some p > ml, then £ 
is a closed C 1,A / K -manifold (by Theorem^ and there exist constants R\ K = R\ K (E,m,l,p) 
and C\ K = C\ K (E, m, l,p) such that for all x G £ i/iere exists a function F x : T X S — > (T^S) -1 " 
0/ dass C 1,A / K swc/i i/iai 

(£ - x) n B flA(t = {(y, F x {y)) G M n : y G T z £} n B Hak 
and Vy,zGT z £ pi^y) - Si^H < C XK \y - zfi . 

To prove this theorem we fix a point x G £ and for each radii r > we choose an m-plane 
P(x,r). Then we use the fact that 9^ l (x,r) < Mgpfi^ l {x,r) together with Proposition Q] to 
show that P(x,r) converge to the tangent plane T x £, when r — > 0. This also gives a bound 
on the oscillation of T X T,. Then we derive Lemma [4. 8| which says that at some small scale we 
cannot have two distinct points y and z of £ such that the vector v = (y — z) is orthogonal 
to T x Yi. Any such vector v would be close to the tangent plane T Z T* and this would violate 
the bound on the oscillation of tangent planes proved earlier. From here, it follows that there 
exists a small radius R\ K such that £ DM(x, R\ K ) is a graph of some function F x , which is 
of class C 1 '^ by Theorem [TJ 
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In the sequel of this section we always assume that £ satisfies hypothesis of Theorem 14, li 



4.1. Estimates on the oscillation of tangent planes. Combining Propositions 13. 211 and [T1 

we see that 



(33) 



Vr < i?i Vx G S 0%(x,r) < 5/3^ (x,r) < 5C(m,l,p)E« 



Let R\ = Ri(E,m,l,p) G (0,-Ri] be such that 5C(m,l,p)E «r « < ^ for all r < i?i , so 
= CqE~ 1 / x for some C = C (m,l,p). 

Lemma 4.2. Choose a point x G £ and /ke some ro < R\. Choose another point y G 
SnB(x, iro) and some r\ G [|?"0) to — |x — y\] . Let Hq G BAP m (x, ro) and H\ G BAP m (y, ri). 
T/ien there exists a constant C^h — Chh{m,l,p) such that 

dG^H^Hx) < C hh E x l K rl. 




Figure 7. The existence of z £ E is guaranteed by the condition \6 < This allows us to 
estimate d,Gr{Ho ,H\). 



Proof. Set /3 = ^(x,r ) and /3\ = /3^(y,n). Note that r\ < R lt so 5/?i < |. Let v £ Hi 
be any vector of length \v\ = r\{\ — 5/?i) . Since #^(n,ri) < 5/?i, there exists a point z G 
Y,nB(y + v,5fim). Hence |(y + u) - z\ < 5(3m (see Figure EJ) . Note that B(y + v, 5/3^1 ) C 
, ri) C B(x, ro). Therefore dist(z, x+Hq) = \tt-^ o (z — x)\ < /?o r o an d we obtain the estimate 

KhoWI < k Ho ((y - %) + v)\ + \^ji (y-x)\ 

<\{{y-x)+v)-{z- x)\ + \nji (z - x)\ + \ir Ho (y - x)\ 
< 5(3 in + /3 r + /Vo < ICE 1 '"^ 1 * . 
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Since v was chosen arbitrarily we get the following estimate for any unit vector e £ H\ D S 

|*£ (e)| < < TCi? 1 /^ . 

71 (1 — opi) 3n 

Recall that ri > ^ro, so we have |7i# (e)| < ^j-CE 1 / K r^ K . Applying Proposition 11,181 we get 

d Gr (H , H 1 ) < C(m, l,p)C p£ (m)E l ^r X Q /K . □ 

Lemma 4.3. Choose a point x £ S. For eac/i r < R\ fix an m-plane P(r) £ BAP m (x,r). 
There exists a limit lim r _;.o P(r) = T X S £ G(n, m) and does not depend on the choice 
of P(r) £ BAP m (x,r). 

Proof. Set pk = 2~ k R\ and for each k choose P& £ BAP m (x, p^). Set /3k = 0^i{x,Pk)- We will 
show that {P( r )} r< ]i 1 satisfies the Cauchy condition. Fix some < s < t < po and find two 
natural numbers a < b such that Pb+i < s < pb and p a +i < t < p a - 

Applying Lemma [4.21 with x = y, ro = pj and r\ = ^ro = Pj+i we obtain 

d Gt {P i ,Pj + -,)<CE 1 l K p) ,K . 
Setting ro = pb and r\ = s or ro = p a and r\ = t we also get 

d Gl (P(s),P b ) < CE x l*p X h lK and d Gl (P(t),P a ) < CE^ K p x J K . 
Using these estimates we can write 

6-1 

d Gl (P(r), P(s)) < d Gr (P(r), P a ) + £ d Gl (Pj,P j+1 ) + d Gr (P b , P(s)) 

3=0 

< CE l ' K ^Pa /K + ^2pj /K ^ = CE 1 l K p x J K ^1 + 2 ~ jA/K j = C{m,l,p)E l l R p x J K , 

which shows that the Cauchy condition is satisfied, so P(r) converges in G(n, m) to some 
m-plane, which must be the tangent plane T X T,. □ 

Corollary 4.4. There exists a constant Cth = Cth(jn,l,p) such that for all x £ S, all r < R\ 
and all H £ BAP m (x,r) we have 

d G r(T ie i: i H)<Ci h E 1 ^ K 

Corollary 4.5. There exists a constant Ct p = Ct p (m,l,p) such that for all x £ £ and all 

y £ £ Pi B(x, we Ziawe 

distfo, x + T x .£) = \7T^(y -x)\< C tp E l '*\y - x\ l+x ' K . 
Proof. Choose an m-plane H £ BAP m (x, \y — x\). Using (I33p and Corollary 14.41 we get 

Wx(y ~ x )\ < \irk(v ~ x)\ + \ir^(ir H (y - x))\ 

<\y- x\P%(x, \y - x\) + \y- x\C th E l / K \y - x\ x ' K 
<Ct P E l,K \y-x\ l+x/K . □ 
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Lemma 4.6. There exists a constant Ctt = Cu( m jhp) suc h that for all x £ E and for all 
y £ E n B(sc, 5^1 ) iwe /icwe 

d Gr (r x s, r^s) < citsv^ix - y |V« . 

Proof. Let y £ SnB(s,|fli). Set ro = 2|x — y| and ri = |x— Choose any ffo £ E>AP m (:c,ro) 
and any i/i £ BAP m (y,ri). From Lemma 14.21 we have 

d Gl (H ,H 1 )<CE 1 ^ /K . 
On the other hand Corollary 14,41 says that 

d Gr (T x E, ffo) < CthE^r?" and dor^S, ffi) < CthE 1 '*^ 1 * . 
Putting these estimates together we obtain 

d Gl (T x Z,T y X) < d Gl (T x X,H ) + d G r(tfo,#i) + d GT {H u T y Y,) = CE l ' K \x - y\ x ' K . □ 

4.2. Uniform estimates on the size of maps. Combining Corollary 14 . 51 and Lemma H~6l one 
can see that if we have two distinct points y,z £ E such that y — z _L T X E and \y — z\ < |x — y\ 
then the tangent plane T y T, must form a large angle with the plane T X T,. Such situation can 
only happen far away from x because of the bound on the oscillation of tangent planes. 

Remark 4.7. Let i = i(m) = y^. Lemma r4.6l allows us to find a radius Ro = C(m,l,p)E~ 1 / x £ 
(0, such that whenever \x — y\ < R2 for some x,y £ E, then d Gr (T x ^,TyH) < t. 

Lemma 4.8. Choose any point x £ E. There exists a radius R2 = C(m,l,p)E~ 1 / x £ (0, -R2] 
such that if y, z ^ T,nM(x, ^R2) and (y — z) _L T X E , i/ien necessarily max{|x — y|, \x — z\} > i?2- 

Proof. Let Ct p be the constant from Corollary 14.51 Choose two points y,z £ E such that 
(z — y) _L T X E and max{|x — y|, |x — z\} < ^i?i(CoCi p ) _1 . Without loss of generality we can 
assume that \x — z\ < \x — y\ < 1, hence 

\x - z\ l+x ' K <\x- y\ 1+x / K < R x/k \ x -y\< C E^/ K \x - y\ . 
First we estimate the distance \y — z\ using Corollary 14.51 

(34) \y- z \ = \ir x (y - z)\ < \ir x (y - x)\ + \tt x (x - z)\ 

< C tp E l '*{\y - x\ 1+x / K + \x- z\ 1+x l K ) < 2C tp C \x -y\<R l . 

Hence we can use Corollary 14.51 once again to estimate the distance between z and T y T,. Using 
the definition of d Gr we may write 

(35) d Gr (T x T,,T y T,) > \z - y\^ 1 \TT x (z - y) - n y (z - y)\ = \z - y\~ 1 \ir y (z - y)\ 

> \ z - y\~ x (\ z - y\ - - y)\) 

>\z-y\~ l (\z-y\-C tp E l l K \z-y\ l+X /* 
= l-C tp E l / K \z-y\ x/K . 
On the other hand Lemma 14.61 gives us 

(36) d GT (T x X,T y Z) < CuE l ' K \x - y\ x ' K . 
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Putting these two estimates together we have 

1 - C tv E x l K \z - y\ x ' K < d G r(T x X, T y E) < C tt E x l K \x - y\ x / K , 

so by dMD 1 - C tp E 1 / K (2C tp C \x - y\ x ' K ) < C tt E l l K \x - y\ x / K , 

hence \x — y\ > C(m, l,p)E~ 1 ^ x . 

We set R 2 = \ min{^ 2 (CoC i p)- 1 , C(m, l,p)E~ 1 / x }. □ 

Corollary 4.9. For each x G T, and each y G SnB(i, R 2 ) the point y is the only point in the 
intersection £ n (y + T^S -1 -) n B(x, i?2)- Therefore (S — x) n Br is a graph of the function 

(37) F x : £>(x) -»• T^S- 1 n Br 2 defined by 

F x (w) + w = (Z-x)n(w + T^) n M R2 , 

where T>(x) = ir x (T< nBg 2 ) C T X T,. By Theorem^ the function F x is of class C*' X ' K . 
Fix a point oGS. We define the parameterization 

(38) <p : V{o) -»• £ nl(o,E 2 ) by <p(a;) = o + F (x) + a; . 

Recall our convention, that when we write T Q S we always mean the appropriate subspace 
of W 1 . For x G V(o) we set 

L x = (tTo\t v{x) s) : T S ->• T^jS and 2^ = (O^^x) : ^S 1 ^ T^^S 1 . 

Observe that these mappings are well defined since R2 is not greater than R2 defined in 
Corollary 14.71 which ensures that dQ r (T T,,T lf ^T,) < l. Observe that for any unit vector 
v G r^jE we have \Q v\ = \ir v — ^ip( x ) v \ — L > hence |7t t;| = \v — Q v\ > 1 — t. This shows 
that the norms ||Lx||t s an d ||^x|It s x are ^ ess or ec l ua l to (1 — t) . 

Remark 4.10. Recall that l < ~. For x G 'C(o) and h G T D S we have (cf. [13j Lemma 3.15]) 
DF (x)h = L x h — h = Q Q (L x h) and Dip(x)h = L x h , 

hence \\DF (x)\\ < — ^— < 1 and ||£V(x)|| < — < 2. 

1 — L 1 — I 

Remark 4.11. For all x G f(o) we have ||Z)c/?(x)|| < 2 and in consequence \<p(x) — tp{o)\ < 
2\x - o\. Hence T S n B ii?2 CP(o). 

Lemma 4.12. Lei Cp £ 6e the constant from Proposition For any x,y G 2?(o) we have 

\\D<p(x) - D<p(y)\\ < 4d Gr (T^. ) £,T^ /) £) 

and dGrC^^E.T^^E) < C pe ||LV(x) - £V(y)|| . 

Proof. We want to estimate 

||£V(:r) - D<p{y)\\ = \\DF (x) - DF (y)\\ = \\L X - L y \\ . 

Let h G § and set u = L x (h) and v = L y (h). Note that u — v G ToS -1 " so we can write 

\L x (h) - L y {h)\ = \u-v\ = \K x (^(u - v))\ < 2\n^(u - v)\ = 2\n^(v)\ 

< 2\v\d Gr (T (p{x) Y l ,T v ( y )Y,) < 4d GT (T^ x )T l ,T v{y )T,) . 

To prove the second part of Lemma 14.121 we will use Proposition 11.181 Let (61 , . . . , 6 m ) be 
some orthonormal basis of T E. For each i = 1, . . . , m set U{ = Dcp(x)ei and V{ = Dip(y)ei. 
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Then (u±, . . . , u rn ) is a basis of T^^E and (v±, . . . , v m ) is a basis of T^qaE. By Remark 14. 101 
for i,j = 1, . . . , m and i 7^ j we have 

1 < lit^l < — < 2l and |(itj,itj)| = \(DF a (x)ei + ei,DF a (x)ej + ej)\ < 3t. 

These estimates show that (u±, . . . , u m ) is a pe-basis of T^^E with p = 1 and e = 3t. Moreover 

|ttj - Vi\ = \Dip(x)ei - Dp{y)e/\ < \\Dp(x) - D(p(y)\\ . 

Since 3i = < e pe we can use Proposition 11.181 to obtain 

dGrCT^^T^E) < C p£ \\Dp{x) - D<p(y)\\ . □ 

Proof of Theorem \4-l\ Combining Lemma 14.61 with Lemma 14.121 we get 

\\DF {x) - DF (y)\\ = \\D<p{x) - Dip(y)\\ < ACuE^x - y\ x,K 

for all x, y G 1)(o) = 7r (E n B^ 2 ) C T D E. Since tt is continuous and E n Br 2 is compact, 
the function F Q : T>{o) — > TqT, 1 - can be extended to a function F : T G E — > TqE -1 - without 
increasing its Holder norm and in such a way that {(y, F Q (y)) : y £ T Q E \ T>(o)} n Br 2 = 0. 
Hence we may set 

R XK = R2 = C(m,l,p)E-^ and C Xk = 4C tt E^ . □ 

5. Optimal Holder regularity 

In the previous paragraph we showed that E is a closed manifold of class C 1,A//ft but X/k 
was not an optimal exponent. Now we shall prove that for any o £ E the map F Q is of class 
C 1 '", where a = 1 - For this purpose we employ a technique developed by Strzelecki, 
Szumahska and von der Mosel in [23j. 

The key to the proof of Theorem [3]is Lemma [5. 11 It says that the oscillation of Dip on a ball 
of radius r can be bounded above by the oscillation of Dp on a ball of radius r/N, where N 
is some big number, plus a term of order r a . If we choose iV big enough, then, upon iteration, 
the first term disappears and the sum of the second terms is still of order r a . 

To prove Lemma 15.11 we choose two points x,y G T){o) and we set r = \x — y\. From 
Lemma 14.121 we know that the oscillation of Dp is comparable with the oscillation of Tjv.)E. 
We choose points xq, . . . , x m and yo,..., y m near x and y respectively, such that {xj — xq} 7 ^L 1 
and {yi — yo} 1 ^ = i form a roughly (up to an error of order where k is some big number) 
orthogonal bases of T G E. Moreover \x{ — xq\ ~ r/N and \yi — j/o I ~ r/N . In the scale we are 
working in, we always have \\Dp>\\ < 1 + l, so {p(xi) — p(xo)} r /l 1 and {p(yi) — <p(yo)}%Li are 
also roughly (up to an error of order r + 1) orthogonal and span some m-dimensional secant 
spaces X and Y respectively. If we choose the points yo, . . . , y m appropriately, then the "angle" 
dQ r {X,Y) can be estimated by r a . The error we make when we pass from ^GrC^,^, T^ty^) to 
d,Q T (X,Y) is comparable with the oscillation of Dp on balls of radius r/N. 

To choose "good" points yo, . . . , y m we first define the set of "bad parameters" 5S(xo, • • • , X[_2), 
i.e. such z G T>(o) that the integrand 

K.i,y{xo, . . . ,xi- 2 ,z) = sup K(p>(xo),...,p(xi-2),z,pi,...,p m+ i) 

Pl,...,p m+ 16E 

is big. From finiteness of f'(E), we derive the conclusion that the measure of 23(xo, ■ ■ ■ 1 x l-2) 
has to be smaller than the measure of a ball of radius r/(kN), hence close to each y there 
exists y which does not belong to 05 (xq, • • • , xj_2). From the fact that /Q^xo, • • • ,x/_2,y) 
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is small, we derive an estimate on the distance of <p{y) from tp(xo) + X, which in turn gives 
the estimate dQ r (X,Y) < r a . 

In the sequel of this section we always assume that E satisfies hypothesis of Theorem 14. 1| 
o £ £ is fixed, p is given by (|38[) and / is a fixed number from the set {1, 2, . . . , m + 2}. 

5.1. Bootstrapping the Holder exponent. Let 5 1 C P(o) be any set and r < \R\ K . We 
define the oscillation of tp on S as follows 

${r,S) = swp{\\D(p(x) - D(p(y)\\ : x,y £ S, \x - y\ < r} . 

For x, y € T £ we set 

D r =T SnB r , D(ar, r) = x + D r and ©(s, y) = 9\ x - y \ + 2±K C T £ . 

and we define 



M l p {a,p) = (4(^(D(a,p)))) P and Ejfo y) = £ l p {ip(V(x, y))) . 

Note that if we set |«7y>(a;)| = \J det ((Dip(x)Y Dip (x)) and 

K,i )V> (x , . . . ,xi_i) = sup /C(v?(x ), . . . . . . ,p m+ i) , 



p/,...,p m+ ies 



(39) then E l p {x,y) = _ IC ltV (x 0} ... ,x/_i) p \Jip(x )\ ■ ■ • | Jip(xi_i)\ dxQ--- dxi^x . 

JW(x,v)V 



'[»(*,«)] 

Lemma 5.1. For a// k > ko = 100/ep £ and iV > Nq = 8 there exist constants C\ = C\{m) 
and C 2 = C 2 (m, l,p, k, N) such that for all x, y £ ^i_r a 

(40) \\D<p(x) - D<p(y)\\ <d$(^,©(x,y)) + C 2 E(x,y)*\x - y\ a . 
Using this lemma we can prove Theorem [3j 

Proof of Theorem^ Fix some a £ Oj_ Rx and a radius R £ (0, ^-Rak]- Taking the supremum 
on both sides of (|4"0]l over all x, y £ D(a, it!) satisfying |x — y\ < r < R we obtain the estimate 

$(r,D(a,fl)) < Ci$(^ ,B(o,fl + r)) + C 2 M l p (a, R + r)r a . 
Choose any j £ N. Iterating the above inequality j times we get 

i ~ 1 / C \ l 

$(r,B(a,R)) <C{^(^N^r,B(R + r,)) + C 2 M p (a, R + rj )r a ^ , 

1=0 ^ ' 

where rj = r^2j~Q 2 l N~ l < 2r. Recall that we know a priori that <p is C 1 ' A /' i -smooth, so we 
can estimate the first term on the right-hand side by 

&(2?N- s r,B(a,R + rj)) < Cx K 2 jX/K N~ jX/K r x/K , 

i-1 

which gives *(r, B(a, R)) < C XK (C 1 N^ x ^) j r x / K + C 2 M l p {a, 3R)r a Y^(CiN~ a ) 1 

1=0 

for each j £ N. To ensure that the first term disappears and that the second term converges 
when j —7- 00 we need to know the following 

(41) d2 x/K N~ x/K < 1 and dN~ a < 1 . 
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Since C\ = Ci(m), we can find N = N(m,l,p) > Nq for which condition (|41|) is satisfied. 
Passing with j to the limit j — > oo we obtain the bound 



*(r,B(a,i2)) < C 2 M^(a, 3.R) ^(CiiV~ a )V Q = C(m, /,p)M^(a, 3i?)r a . 

«=o 

Hence, for any x, y G B j_ R , taking a = and r = R = \x — y| we get 

36 Xk z 

\\D<p(x)-D ( p(y)\\<C(m,hp)M l p (^,3\x-y\)\x-y\ a . □ 

Proof of Lemma \5.1\ Let us fix x, y G Di^j . Since \x — y\ < ^R\ K and < ^R\ K , we have 
3}(x, y) C Di^ . Let xq, . . . , x^_ 2 G 2) (x, y). We define the sets of bad parameters 

( (kN) rn 1 

35(x , • • • , x;_ 2 ) = ze3(i,!/): /Cj i¥ ,(x , • • • , x;_ 2 , zf > _ [ E l p (x, y) \ 

I \ x V\ ) 

Recalling (I39p and using the fact that \J<p\ > 1 we can estimate the measure of 35(xo, ■ • • , xi-2) 
as follows 

E l (x,y)> / / JCi tip (x , ■ ■ ■ ,xi- 2 ,z) dz dx - ■ ■ dxi-2 

> J~ x \x - y\ m ^n m mx Q , . . . , Xl . 2 )) {kN) ™ - 4(x, y) 



(42) <j=> ^ m (*B(x ,...,x^ 2 )) <u;„ 



|z - y\ 



kN 

Fix an orthonormal basis (ex, ... , e m ) of T D S. For i = 1, . . . , m we set 

x = x , Xj = x + ^^-ei , y = V and Vi = yo + ^jr^i 

Estimate (|42p shows that we can find 

|x - y| 



2/0) • • • ; 2/m £ £*(x, y) \ 35 (xq, • • • , x;_ 2 ) , such that |y* - y;| < 



for each i = 0, . . . , m. We set 

X = span{</?(xi) - v?(x )}™ 1 and Y = span{v?(y;) - <p(y )}™ 1 . 
Using Lemma 14.121 we obtain 

(43) \\D<p(x) - Dtp(y)\\ < \\D<p(x) - D<p(x )\\ + \\Dtp(x ) - D<p(ya)\\ + \\D<p(yo) - Dtp(y)\\ 

< 2$ (^,S(x,y)) +4d G r(T^ o) S,r^ o) S) 

< 2$ (^#, £(x, y)) + 4d Gr (T^ o) £, X) + 4d Gr (X, Y) + 4d Gr (Y, T^E) . 
For each i = 1, . . . , m, from the fundamental theorem of calculus we have 

Vi = ip(xi) - (p(x ) = / f t (<p(x + t(xi - x Q ))) dt 
Jo 

(Dif(x Q + t(Xi - X )) - D(f(x )) (Xi - Xq) dt + Dip(x )(xi - Xq) 
Oi+Wi. 
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Observe that Wi, . . . , w m forms a basis of T^^E and Vi, . . . , v m forms a basis of X. Using 
the above estimate we see that 



Wi\ < $(\xi-x \,Q(x,y))\xi-x \ =$(^,D(x,y))^ 



\Vi - Wi\ 

Let a,i = xi — xq = -^jf^ e% and 6, = F {x,i) — F (xq). Then v % = a% + b{. From Remark 14, 101 we 
know that \bi\ < 2i\ai\ = e pe , hence 

^ (« - S - i) £ k*^>i = K-+*».^+» # >l * ^ (*+ S + 1) • 

Applying Proposition 11.181 we come to 

(44) d Gl (T v(xo) J:,X) < C p£ <S>0-^,V(x,y) 



We estimate dQ T (T^y ^, Y) in a similar way. For i = 1, . . . , m we define Uj, lOj, and 6j 
as follows 

ai = Vi-yo, h = F (yi) - F o (y ) , 

= - 9?(yo) = ai + 6j and wi = D(p(y )(yi - yo) , 

so that Y = spanj^i, . . . , v m } and T^^E = span{u)i, . . . , u) m }. Again, using the fundamental 
theorem of calculus, we get 



Wi - Wi 



--< $(\ yi - y Q \, 2) Or, y)) \ Vi - y \ < 2$ fesl, 33(x, y) 



AT ' 



Recall that fc > 100/ep £ . It is easy to verify that 
which implies that |6j| < 2t|aj| < ^5N 6 p £ ' Therefore 

I* - i/l 2 . A / 1/.-= m _ i/, .iM^k-yl 2 



(<*f - e P e) < \{vi,Vj)\ = \{cn + bi,aj + bj)\ < + e pe ) 



AT2 

and we can apply Proposition 11.181 once more obtaining 

'2|as- ; 



(45) d Gr (T v(j/o) S,y) < 2C pe $(^^,2)(x,y) > 
Combining estimates (145|) . fj44j) and (1431) and using Lemma 14.121 we get 

(46) \\D<p(x) - D<p(y)\\ < d(m)$ (fa4,3(x,y)) + 4d Gr (X,y) . 

Hence, we only need to estimate dQ r (X, Y). 

Observe that for each z G D(x, y) \ ^(xq, . . . , X1-2) we have 

/C^(x , . . . , xj-2, z) < -rzj - TT E P ^ y) 1/P ■ 

iOm \x — y\ ml /P 
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Directly from the definition of K\ „ we also have 
K,i )ip (x , xi-2, z) > JC((p(x ), ip(x m ),<p(z)) 



> 



= n m (A(y(x ), <p(x m )) dist(<p(z),<p(x Q ) + X)) 
(m + 1) diam(<^(a;o), • • • , (p(x m ), ip(z)) m+2 
n m (A(x , x m )) dist(yj(«), <p{x ) + X) dist(p(z), <p(x ) + X) 



(m + l)(2|x - y\) m+2 (m + l)\N m 2 rn+2 \x - y\ 2 ' 

Hence 

dist(<p(z),<p(xo) + *)< C(m, l,p, k, N)E l p (x, y) l ^\x - y^f^j^i . 

We have shown already that v\ , . . . , v m forms a pe-basis of Y with p = and e = e p£ . 

Moreover, since yi ^ *B(xo, . . . , x;_2), we have 

dist(uj, X) = \TTxVi\ < dist(v3(y.j), (p(x ) + X) + dist(^(y ), ^(^o) + X) 

< 2C(m,l,p, k,N)E p (x,y) / p \x - . 

Thence, by Proposition II .18] the following holds 

d Gr (X, Y) < C(m, l,p, k, N)E l p (x, yfl*\x - y\ l ~^ . 
Together with (|46p this gives PU|) and Lemma 15-11 is proven. □ 
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